Threshold pressure gradient (TPG) and stress sensitivity which cause the nonlinear flow in low permeability reservoirs were carried out by experiments. Firstly, the investigation of existing conditions of TPG for oil flow in irreducible water saturation low-permeability reservoirs was conducted and discussed, using the cores from a real offshore oilfield in China. The existence of TPG was proven. The relationship between TPG and absolute permeability was obtained by laboratory tests. TPG increases with decreasing absolute permeability. Then, stress sensitivity experiment was carried out through depressurizing experiment and step-up pressure experiment. Permeability modulus which characterizes stress sensitivity increases with decreasing absolute permeability. Consequently, a horizontal well pressure transient analysis mathematical model considering threshold pressure gradient and stress sensitivity was established on the basis of mass and momentum conservation equations. The finite element method (FEM) was presented to solve the model. Influencing factors, such as TPG, permeability modulus, skin factor, wellbore storage, horizontal length, horizontal position, and boundary effect on pressure and pressure derivative curves, were also discussed. Results analysis demonstrates that the pressure transient curves are different from Darcy's model when considering the nonlinear flow characteristics. Both TPG and permeability modulus lead to more energy consumption and the reservoir pressure decreases more than Darcy's model.
Introduction
With the growing tension of oil and gas resources, low permeability reservoirs have become the most important source of oil exploration and development in China's petroleum industry. They are taking up nearly half reserves of oil and gas, respectively.
For the low permeability formation, fluid flow in reservoir has some special characteristics which can be summarized as follows: (1) flow departures from Darcy's law at low-velocity fluid flow. Many authors have noted the departures from Darcy's law in porous media through experiment methods [1] [2] [3] [4] [5] [6] and they found that the flow curve is a combination of a straight line and a concave curve. Non-Darcy's flow exists in low permeability porous media in which the TPG always can be observed. Some scholars expounded the nonDarcy phenomenon and thought that it has significant effect on petroleum development. In 2004, Gavin [7] gave a detailed discussion on the non-Darcy phenomenon under low-velocity conditions in porous media. Basak [8] identified low-velocity fluid flow as "pre-Darcy flow, " where the increase of fluid flow velocity can be greater than that proportional to the increase of fluid pressure gradient. For tight gas reservoir, the non-Darcy flow was also observed in a water-bearing reservoir and the TPG exists [9, 10] . Currently, the non-Darcy flow has been discussed in many fields in petroleum including numerical simulation, enhanced oil recovery, productivity evaluation, and well test [11] [12] [13] [14] . So it is significant to research on the non-Darcy phenomenon thoroughly.
(2) Stress sensitivity is obvious which cannot be ignored. Stress sensitivity phenomenon is common in many kinds of reservoirs, which is defined as reservoir rocks with fluidflow characteristics (permeability) that are highly sensitive to the effective stress changes and/or if they are of weak mechanical strength causing large rock deformation and are considered to be stress-sensitive [15] [16] [17] [18] [19] . For the low permeability formation, the deformational characteristics of rocks are always observed and have a great effect on well 2 Mathematical Problems in Engineering productivity [20, 21] . The study on stress sensitivity for low permeability formation is meaningful. For the offshore low permeability oil field, the horizontal well is always used to achieve an efficient development. To obtain the formation parameters, pressure transient analysis is often used. Many scholars had done study on interpretations of formation parameters using pressure data [22] [23] [24] [25] [26] [27] . But for low permeability reservoirs, this work has not been done by considering threshold pressure gradient and stress sensitivity which cause the nonlinear flow.
In this paper, firstly, threshold pressure gradient and stress sensitivity experiments in low permeability oil reservoirs were made and discussed using the cores from a real offshore oilfield in China. Then, the pressure transient analysis mathematical model was derived for the horizontal well. FEM was proposed to solve the model. The sensitivity of the type curves and derivative type curves on monitoring TPG, permeability modulus, well location, well length, wellbore storage, and skin factor was analyzed finally.
Experimental Measurement and Analysis

TPG Experiment.
Six natural cores were taken from a low permeability reservoir in the a real offshore oilfield in China, with the diameter of 2.5 cm, length range of 2.568 cm-6.642 cm, permeability range of (4.02-26.8) × 10 −3 m 2 , and porosity range of 15.3-17.7% (shown in Table 1 ). The simulated oil was a mixture of degassing crude oil and kerosene, with viscosity of 1.332 mPa⋅s and density of 0.84 g/mL. The salinity of formation water was 7.0 mg/mL (NaCl : CaCl 2 : MgCl 2 ⋅6H 2 O = 7 : 0.6 : 0.4) and the viscosity is 1.15 mPa⋅s.
In order to investigate TPG in low permeability cores, the experimental equipment designed by Wang et al. [3] was used, which includes five parts: power system, buffer system, core holder system, confining pressure system, and the measurement system. In Wang' experiment, water was the displaced fluid; in our experiment, the experiment procedure was adjusted in which the displaced fluid was simulated oil and the cores were in irreducible water saturation state ( Figure 1) .
During the experiments, the following data needed to be recorded: inlet pressure of the core holder, fluid volume, and residual pressure. After one displacement, the curve of velocity-pressure gradient was plotted. By epitaxial method, we can get the intersection between straight line and pressure axis, which is defined as pseudothreshold pressure gradient (TPG).
Stress Sensitivity Experiment.
Five natural cores were taken from a low permeability reservoir in the South China sea oilfield, with the diameter of 2.5 cm, length range of 3.065 cm-7.124 cm, permeability range of (2.218-16.200) × 10 −3 m 2 , and porosity range of 15.6-17.2% (shown in Table 2 ). The simulated oil was a mixture of degassing crude oil and kerosene, with viscosity of 1.332 mPa⋅s and density of 0.84 g/mL. The salinity of formation water is 7.0 mg/mL (NaCl : CaCl 2 : MgCl 2 ⋅6H 2 O = 7 : 0.6 : 0.4) and the viscosity was 1.15 mPa⋅s. The experimental equipment in Section 2.1 was used.
The overburden pressure of the study formation is about 22 MPa, so the confining pressure was set as 22 MPa. Two kinds of experiments were conducted-depressurizing experiment and step-up pressure experiment. During the experiment, the confining pressure is maintained and inlet/outlet pressure difference is kept as 0.5 MPa. The back-pressure and inlet pressure were adjusted to a given value. The flow rate, inlet and outlet pressure, and pressure differential were recorded, and the core permeability was calculated at a certain pressure when the flow was in steady state. Inlet/outlet pressures are then gradually decreased (depressurizing experiment) or increased (step-up pressure experiment) and the displacement experiment was repeated. The core permeability was calculated at each pressure.
Analysis of Nonlinear Experiment.
The TPG exists in low permeability reservoirs. From Figure 2 , we can see that TPG versus permeability presents power function and the TPG will decrease.
Wang et al. [20] described the stress sensitivity with the permeability modulus which is defined as follows:
So the permeability can be modified as From Figure 3 , we can see that the stress sensitivity exists widely in low permeability reservoirs for offshore oilfield cores both in depressurizing experiment and step-up pressure experiment. The dimensionless permeability (defined as / max ) and permeability modulus were calculated in the experiment as shown in Figure 4 and Table 3 . For the 5 cores, as the permeability increases, the permeability modulus increases and the permeability modulus in depressurizing experiment is larger than step-up pressure experiment.
It can be seen, in the low permeability reservoir, that the TPG and stress sensitivity always exist. The TPG and permeability modulus become larger in absolute value when the core has a smaller permeability.
A Horizontal Well in an Anisotropic Low Permeability Reservoir
The nonlinear experiment which contains TPG experiment and stress sensitivity experiment indicates that, in low permeability reservoir, TPG and stress sensitivity cannot be ignored, so when conducting pressure transient analysis for wells, they should be considered. In this section, the horizontal well pressure transient analysis model was established and the solution method was discussed considering nonlinear flow characteristics. Figure 5 is a schematic diagram of the horizontal well in a reservoir. The --axes are in the horizontal directions and the -axes in the vertical direction.
Mathematical Model.
The origin is at the bottom of the reservoir. Some assumptions are made as follows.
(1) The outer boundary of a circular reservoir is closed or with constant pressure; reservoir radius is .
(2) The reservoir is horizontal with uniform thickness of ℎ and original pressure .
(3) Reservoir permeability anisotropy is considered, with horizontal permeability ℎ and vertical permeability
The well is located in the plane with perforated length of 2 ; this well is produced at constant production rate of . (5) The reservoir fluid is slightly compressible, with compressibility and viscosity of crude oil .
(6) The reservoir media is deformational, with permeability modulus and TPG .
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(8) Wellbore storage effect and formation damage are taken into account.
Mathematical
Model. The mathematical model in low permeability reservoir is
Assuming = = ℎ , = V and ignoring source and sink term, the equation will be changed to
Initial condition is
Closed outer boundary is
Constant-pressure outer boundary is
Some dimensionless terms are defined as Appendix A shows. So the dimensionless mathematical model will be
For this model, the inner boundary condition is constant rate production. The equation of inner boundary condition is shown in Appendix B.2. 
Computational Issues
The FEM is used to solve this model. The detailed solution procedure is shown in Appendix B. The GMRES method was used to solve the equation system [28] .
Results and Discussions
Pressure Transient Behavior.
To verify the accuracy of the model, comparisons are made with the solution by Li et al. [29] . The comparison was made without considering the TPG and permeability modulus. As shown in Figure 6 , the type curves and derivative type curves from our model are in good agreement with those from Li et al. [29] . From Figure 6 we can see that considering the TPG and stress sensitivity four stages are observed: (1) early pure wellbore storage stage which is characterized by a 1 slope in pressure derivative curve; (2) early vertical radial flow stage which is characterized by a horizontal line in pressure derivative curve; (3) linear flow stage which is characterized by a 1/2 slope in pressure derivative curve; (4) late radial flow stage which is characterized by a 0.5 horizontal line in pressure derivative curve. From Figure 7 , we can see that the pressure and pressure derivative curves when considering stress sensitivity and TPG are different from those based on Darcy's model. The effects of stress sensitivity and TPG cause the pressure and pressure derivative curves to shift upwards in the late stage, resulting in the disappearance of pressure derivative horizon with the value of 0.5 in radial flow stage. Because of the upward of the curves, late radial flow stage tends to be like linear flow. The reason is that in the formation there is additional pressure loss when considering TPG and stress sensitivity. The flow equation never obeys Darcy's model.
Compared with the stress sensitivity, TPG can cause more deviation to the pressure and pressure derivative curves. This is because that horizontal well has a large contact with the reservoir, pressure gradient near the wellbore is not as large as in a vertical well but is the main section of TPG effect, and thus the effect of stress sensitivity is not as obvious as TPG. When considering the two factors together, the degree of the upward for the curve is the supposition of the two factors to be considered separately.
Sensitivity Analysis.
In this section, the sensitivity analysis was obtained which includes the TPG, permeability modulus, skin factor, wellbore storage, horizontal length, horizontal position, and boundary effect. For each sensitivity parameter, the pressure and pressure derivative curves were presented. In each figure, the dimensionless parameters were given based on the definition in Appendix A. Large wellbore storage coefficient causes the pressure curve to shift upward, and the larger the wellbore storage coefficient is, the higher the "hump" of the pressure derivative curve is and the earlier linear flow occurs. When the wellbore storage coefficient is large enough, the early radial flow stage will be concealed by linear flow. When the horizontal axis is , it can be seen that the variation of wellbore storage coefficient causes different duration time of the wellbore storage stage, resulting in horizontal shift of the well test curve. The pressure and pressure derivate curves coincide together at later time.
(2) Effect of . Figure 10 = 0.002 × 10 6 Pa/m; and = 4.5 m. The larger skin factor represents heavier pollution and greater additional pressure drop; it also causes higher "hump" on well test curve. Large skin factor may shorten the early radial flow segment or even make it disappear. permeability modulus equal to the 0.049 × 10 −6 Pa −1 . Large permeability modulus makes the reservoir more sensitive to the stress, causing the pressure and pressure derivate curves to increase seriously. Effect of stress sensitivity on the curve mainly concentrates on the stages after the linear flow. nonlinear flow, the well test curves of different horizontal well lengths distributed parallel instead of coinciding together. .75 m, respectively, which makes the horizontal well locates in the center in vertical direction. It can be seen that the thicker the reservoir is, the longer the early radial flow stage is. When the reservoir thickness is very small, early radial flow will be concealed by the effects of wellbore storage.
For traditional horizontal well test, with the increase of reservoir thickness, the duration of early vertical radial flow lasts longer, and early radial flow stage (the slope of pressure and pressure derivative curves are 0.5) shifts backward. In the late radial flow period, the pressure derivative curves of different reservoir thickness coincide together to a horizontal line of 0.5; that is, the speed of pressure drop tends to be uniform.
After the introduction of permeability modulus and TPG, the duration of early vertical radial flow lasts longer with increasing reservoir thickness, and the effect of stress sensitivity and pseudolinear flow weakens, resulting in overall decrease of pure wellbore storage stage and backwardness of pressure and pressure derivative curves in linear flow. In the late radial flow period, pressure derivative curve is not a straight line at 0.5; the pressure and pressure derivative curves under different reservoir thicknesses upturn parallely. = 0.001 × 10 6 Pa/m; and = 0.9 m, 2.7 m, 4.5 m. It can be seen that when other parameters are kept constant, the closer to 0.5 is, that is, horizontal well is closer to the middle of the reservoir, the longer early radical flow lasts. Horizontal well position does not affect the wellbore storage segment, the linear flow, and late-linear flow segment. Figure 16 shows that the larger the distance of boundary to the well is, the longer it requires to see the reflections, and the stages of pressure reflection in the well test curves move parallel to the right. When the distance of the boundary to the well is small, the upward characteristic caused by stress sensitivity and TPG is not obvious, concealed by boundaries reflect stage. Only when the distance is large enough can the upward characteristic exist obviously. Figure 17 reflects pressure transient in constant-pressure outer boundary. When the pressure reaches the constant-pressure outer boundary, pressure curve tends to be horizontal; pressure derivative curve drops down. Meanwhile, it requires longer time to see the boundary reflections because of the effect of stress sensitivity and TPG.
Field Application
Pressure test was performed on a horizontal well for the offshore oilfield where the experimental cores come from. The oil production rate is 80. Using the model in this paper, the matching is carried out to obtain the reservoir parameters as shown in Figure 18 . The interpretation results are as follows: horizontal permeability is 14.5 mD, vertical permeability and horizontal ratio is 0.093, wellbore storage is 0.05 m 3 /MPa, skin factor is 0.011, TPG is 0.005 MPa/m, and permeability modulus is 0.025 MPa −1 . As can be seen from Figure 2 and Table 3 , when the formation permeability is 14.5 mD, the TPG is close to 0.007 MPa/m and the permeability modulus is nearly 0.024 MPa −1 . The well testing interpretation results are very close to the experimental data. 
Conclusion
(1) With the cores from the a real offshore oilfield in China, the TPG and stress sensitivity were tested. We verified the existence of TPG in irreducible water saturation condition and the permeability stress sensitivity by changing the fluid pressure directly. It shows that TPG and permeability stress sensitivity are relative to the absolute permeability of the cores. The TPG and permeability modulus both increase with the decrease of permeability.
(2) Considering the TPG and permeability modulus, the horizontal well pressure transient mathematical model in an anisotropic low permeability reservoir was established. This model is a nonlinear partial differential equation. FEM is chosen to solve the problem and the detailed solution procedures are discussed. Through comparison with the analytical solution, FEM is verified.
(3) The type curves and derivative type curves of the horizontal well depend on TPG, permeability modulus, well location, well length, wellbore storage, skin factor, and outer boundary. The pressure and pressure derivative curves when considering the stress sensitivity and TPG are different from those based on Darcy's model. The type curves and derivative type curves at early times are not so sensitive to the stress sensitivity and TPG, but, in the late stage, they cause the pressure and pressure derivative curves to shift upwards, resulting in the disappearance of pressure derivative horizon with the value of 0.5 in radial flow stage. In the formation there is additional pressure loss when considering TPG and stress sensitivity.
Appendices
A. Dimensionless Terms
where = , and = √ ℎ / V ℎ .
B. Solution for Horizontal Well Pressure Analysis Model
B.1. Finite Element Method.
According to Galerkin method [30] , we assume the shape function or basic function:
The displacement function is
where is the number of nodes and is the dimensionless pressure at the node .
By integrating over the volume of the element, Ω , we have
With the Green function, we can get
where
For the inner element, we can get
(B.6)
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The matrix form is
. . .
(
Define the following parameters: By solving the equation system, the well bore pressure can be obtained in real space without considering the wellbore storage and skin factor. The wellbore storage and skin factor were considered by using discrete numerical Laplace transform method [31] in which the real space well bore pressure can be converted into Laplace space. Then the response of a well with wellbore storage and skin can be obtained using [29] = + / (1 + ( + / )) , 16) where is the dimensionless pressure without wellbore storage and skin effects (in Laplace space). With the StehfestLaplace numerical inversion method [32] , the can be achieved in real space. 
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